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Abstract. We provide an analog of the Joyal-Street center construction and 
of the Kassel-Turaev categorical quantum double in the context of the crossed 
categories introduced by Turaev. Then, we focus or attention to the case of 
categories of representation. In particular, we introduce the notion of a Yetter- 
Drinfeld module over a crossed group coalgebra H and we prove that both the 
category of Yetter-Drinfeld modules over H and the center of the category of 
representations of H as well as the category of representations of the quantum 
double of H are isomorphic as braided crossed categories. 
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Introduction 



Recently, Turaev (see also [|| and 1 20 ) generalized quantum invatiants of 

3-manifold to the case of a 3-manifold M endowed with a homotopy class of maps 
M K{-K, 1), where tt is a group (such homotopy classes of maps M K{n, 1) 
classify principal flat 7r-bundles over M). 

One of the key points of the theory |l^ is a generalization of the definition of a 
tensor category to the notion of a crossed -K-category, here called a Turaev category 
or, briefly, a T-category. The algebraic counterpart is the generalization of the 
definition of Hopf algebra to the notion of a crossed Hopf t: -coalgebra, here called a 
Turaev coalgebra or, briefly, a T-coalgebra. As the category of representations of a 
Hopf algebra has a structure of a tensor category, the category of representations of 
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a T-coalgebra has a structure of a T-category. Concepts like braiding (universal R- 
matrix), ribbon, and modularity can be extended to the crossed case. Ribbon and 
modular T-categories play a central role in the construction of the new invariants. 

Roughly speaking, a T-coalgebra H is a family {Ha}aeTT of algebras endowed 
with a comultiplication l^a,i3'- Hap — > Ha ® Hp, a counit e: k ^ Hi (where 1 is 
the neutral element of tt), and an antipode Sq : Ha — > Ha-^- It is required that H 
satisfies axioms that generalize those of a Hopf algebra. It is also required that H 
is endowed with a family of algebra isomorphisms ip^ — ipp: Ha H^ap-'^i the 
conjugation, compatible with the above structures and such that Lpp^ = ipp o ip^. 
In particular, when tt = 1, we recover the usual definition of a Hopf algebra. A 
T -category is a tensor category T disjoint union of a family of categories \Ta\a^-K 
such that, if [/ £ 7^ and V £ 7^, then U ($iV G Tap- It is required that T is endowed 
with a group homomorphism i/j: tt — > Aut(T), the conjugation, where Aut(T) is the 
group of strict tensor automorphisms of T. Given a G vr and t/ G 7^, the functor 
tpa is also denoted ^{•). Notice that the component 7i is a tensor category. In 
particular, when tt = 1, we recover the usual definition of a tensor category. If H is 
a T-coalgebra, then the disjoint union Rep(_ff) = WaeTv^^'Pai^) of the categories 
of representations Rep„(i?) = Rep(iJQ) has a structure of a T-category. 

In we provide an analog of the Drinfeld quantum double (see and of the 
ribbon extension (see ||l2|), that is we showed how to obtain a quasitriangular and 
a ribbon T-coalgebra starting from any finite-type T-coalgebra. In this article we 
focus our attention on the corresponding categorical constructions and the relations 
between these and the algebraic one. 

In the first part of the article, we study how to obtain braided or ribbon T-cate- 
gories starting from a T-category that is not braided. Firstly, given any T-category 
T, we obtain a braided T-category Z{T), the center of T (Theorem pTl). When 
TT = 1, we recover the definition of the center of a tensor category, see H. Given a 
braided T-category T', by generalizing the constructions in and |7|, we obtain a 
ribbon T-category A/'((T')^). We can apply this construction when T' = Z{T) so 

that for any T-category T we obtain a ribbon T-category 2?(T) = 7V^(Z(T))^^ . 

In the second part of the article, we consider the case of category of represen- 
tations of T-coalgebras and we discuss the relation between the above categorical 
constructions and the algebraic constructions that we previously introduced in . 
Firstly, we introduce the fundamental notion of a Yetter- Drinfeld module over a 
T-coalgebra H, or, briefly, a YD-module, as a module V over a component Ha of 
H endowed with a family of k-linear morphisms : V ^ V (S^ Hp (for any (3 G tt) 
satisfying axioms that generalize the usual definition of a Yetter-Drinfeld module 
over a Hopf algebra. We state now the main result relating our double constructions 
for crossed categories and for crossed Hopf group coalgebras. 



Theorems p.lj and 10.1. Let H be a T-coalgebra of finite type. We have the 
isomorphisms of braided T-categories 

Z{Rep{H)) = yV{H) - Rcp{D{H)), 

where YD (iJ) is the category of Yetter-Drinfeld modules over H and D{H) is the 
mirror of the quantum double D{H) of H {see 



We can describe Theorems 8.1 and 10.1 via the commutative diagram 



Rep(i?) -^-^ Z{Rep{H)) = YD (iJ) = Rep{D{H)) 

Rep Rep 

H zz ^ D{H) 
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Similar results are obtained for ribbon structures. 
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1. Tensor categories 

To fix our notations, let us recall few basic definitions. A tensor category C = 
{C,(^,a,l,r) (see [0 P), also called a monoidal category, is a category C endowed 
with a functor ®: C xC C (the tensor product), an object I G C (the tensor unit) 
and natural isomorphisms a = au,v,w '■ {U (S)V)(>^W U<S'{V(s)W) for all U,V,W € 
C (the associativity constraint) and I — Ijj ■ 1(E) U U , r ^ ru : J7 ® I — * C/, for any 
U G C (the left unit constraint and the right unit constraint, respectively) such that, 
for all U, V,W,X e C, the two identities au,v,W(g>x o 0'U(S$v,w,x = {U ^ a'V,w,x) ° 
au,ViS)W,x°{au,v,w(E)X) (called the associativity pentagon) and {U(Elv)°iru'^V) = 
aujy are satisfied. A tensor category C is strict when all the constraints are 
identities. 

Given two tensor categories C and V, a tensor functor F — {F, F2, Fq) : C ^ V 
consists of the following items. 

• A functor F: C ^V. 

• A natural family {F2{U, V) : F{U) ® F{V) F{U ® V)]^^^^ of isomor- 
phisms in V such that F{au,v,w) ° F2{U ®V,W)o F2(C/,V) F{W) = 
F2{U, V(E)W)o {F{U) (E> F2{V, W)) o au,v,w, for any U,V,W e C. 

• An isomorphism Fq : I -> F{1) in V such that F{ru) o F2{U, I) o {F{U) 
Fo) = rp^u) and F{lu) o ^2(1, U) o {Fq ® F{U)) = Ipiu), for any U eC. 

F is said strict when Fq and all the F2{U, V) are identities. 

Remark 1.1. Let C be a tensor category. We recall |l^ that C is equivalent to a 
strict tensor category S{C) via a tensor functor F: S{C) ^ C and a tensor functor 
G: C — + 5(C). More precisely, the category S{C) and the functors F and G can be 
obtained as follows. 

• The objects of <S(C) are all the finite sequences u = {Ui, . . . , J7„) of objects 
Ui, Un £ C. Also the empty sequence, denoted uq, is an object in S{C). 

• For any u £ S{C), the object F{u) is given by 




• • • ((i7i (g) C/2) ® J/a) (8 • ■ ■ ) «) C/„ if u = (C/i, . . . , Un), with n e N \ {0}, 



where on the right all pairs of parenthesis begin if front. For any u,v d S{C), 
the arrows from u to w in C are given by S{C){u,v) = C(^F{v), F{v)y In 
that way, with the composition induced by C, we obtain the category S{C). 
• S{C) becomes a tensor category with the tensor product of objects given 
by the concatenation product and the tensor product of two arrows / € 
S{C){u, v) and g G S{C){u', v') given by the composite ^2(1;, v') o (/ (g) g) o 
F^^iu, u'), where, for any w, w' G S{C), the arrow F2{w, w') is the canonical 
isomorphism in C from F{w) ® F{w') to F{w (g w') obtained iterating the 
associativity constraint a (well defined by the coherence theorem in lol). 
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• The definition of tlie functor F is completed by setting F{f) — f for any 
arrow / G S{C){u,v) — C [F (u) , F (v)) , with u,w £ ^{C). F becomes a 
tensor functor by defining F2(-, •) as above and Fq — Idj. 

• The category C can be embedded in S{C) by identifying C with the full 
subcategory of S{C) given by the sequences of length one. The functor G is 
given by the immersion of C in S(C). G becomes a tensor functor by setting 
G2{U, V) = auy for any U,V &C, and Gq = Idj £ S{C){uq,1) = C(I, I). 

Dualities. Let C be a tensor category. For simplicity, allowed by Remark P!t| , 
we suppose that C is strict. Given U,V Cz C, a pairing between V and U is an 
arrow d: V ^ U — > I. in C. If, for any arrow f:X — ^ U ®Y in C, we set 

d^{f) = (^V (E) X V (g)U (E)Y Y^, then we obtain an apphcation 

d^: C{X,U ®Y) — > C{V (g) X,Y). The pairing d is exact when d^ is bijective 
for any X,Y e C, i.e., if we have an adjunction of functors V (gi - — I C/ (8) _. It 
follows that d is exact if and only if there exists a map b: I ^ U (E) V (that is, 
b = (c?") "'^(Idy)) such that the relations (called adjunction triangles or duality 
relations) (C/ (g) d) o (6 (g) C/) = C/ and {dig)V) o {V ®b) = V hold. When the pairing 
is exact, we say that the pair (5, d) is an adjunction or a duality between V and U . 
We also say that V is left adjoint or left dual to U , that ?7 is right adjoint or riy/ii 
dual to y, and we write (5, d) : y — i JJ- We call 6 the wnit and d the counit of the 
adjunction. 

Given two adjunction (6i, c?i) : Vi — I Ui and (62, ^2) : V2 — I U2 in C, we have a 
bijection (") : C{Vi,V2) C{U2,Ui) with inverse C) : C{U2,Ui) -> C(yi,y2), ob- 
tained by setting, for any / e C{Vi, V2) and g G C(f72, t^i), = (V2 61) o{V2®g® 
Vi) o (^2 ® Vi), and / = (62 ® t^i) o{U2® f® Ui) o {U2 E) di). When 5 = / we write 
/ — 1 .9. We say that C is /e/t (respectively, right) autonomous when any object has 
a left (respectively, right) dual. We say that C is autonomous if it is both left and 
right autonomous. 

When C is left autonomous, choosen an adjunction (bv,dv)- V* — I V for any 
V e C, we get a functor (•)*: C C*, defined on / G C{V,U) by the condition 

Fix two adjunctions {bu, djj): U* — 1 U and (6y, dy) : V* — 1 y in a tensor cate- 
gory C. Given / G C{X (g) fj, V" ® 1"), the mate /® of f is the arrow 

(1) f®=(v*®X^^^^^^V*®XE)U®U*^^^^^V*®VE)YE)U* 

V* (E)V E)Y E)U* Y®U*^. 

2. T-CATEGORIES 

Let TT be a group. A T-category T [over tt) is given by the following data. 

• A tensor category T. 

• A family of subcategories {Xilaeir such that T is disjoint union of this 
family and that U ®V € 7^/3, for any a, /? G tt, [/ G Zi, and V G Tp. 

• Denoted aut(T) the group of the invertible strict tensor functors from T to 
itself, a group homomorphism ip: tt ^ aut(T): f3 <—>■ ip/j, the conjugation, 
such that ifp{Ta) — Tfj^p-i for any a,(3 ^ it. 

In the terminology of a T-category is called a crossed group category. Differ- 
ently from we do not require that a T-category is a linear category. Given 
a G TT, the subcategory 7^ is called the a-th component of T while the functors Lpf^ 
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are called conjugation isomorphisms. T is called strict when it is strict as a tensor 
category. When tt = 1, then T is nothing but a tensor category. 

Given two T-categories T and T', a T -functor F : T ^ T' is a tensor functor 
from T to T' that satisfies the following two conditions. 

(1) For any a G vr, FiT^) C T^. 

(2) F commutes with the conjugation isomorphisms. 

Two T-categories T and T' are equivalent as T-categories if they are equivalent 

as categories via a T- functor F: T ^ T' and a T- functor G: T ^ T' . 

Left index notation. Given /3 e tt and an object V ^ Tp, the functor ipp wiU 

be denoted ^(•), as in [Q, or also ^{■). We introduce the notation ^(•) for ^ (•). 
Since ^(•) is a functor, for any object U E T and for any couple of composable 

arrows • ■ ■ in T, we obtain ^Idu = Idv^ and ^{g o f) = ^g o ^f. Since 

the conjugation (p: tt ^ aut(T) is a group homomorphism, for any V,W E T, we 

have ''®'^(-) = ''(^(•)) and = ''(^(•)) = - Wr- Since, for any e C, 

the functor ^(•) is strict, we have ^(/ ^ g) — ^f ® ^g, for any arrow / and g in T, 
and = L 

Strict equivalence for T-categories. 

Theorem 2.1. Let T be a T-category. T is equivalent as a T-category to a strict 
T -category S{T). 

Proof (sk etch). Define the category S{T) and the functors F and G as in Re- 



mark 1.1 



• Let u = {Ui,...,U„) be in S{Ta), with n > 1 and let Ui G Ta^,U2 S 
Ta2, ■ ■ ■ ,Un G Xi„- We set m{u) = aia2---a„, and m{uo) — 1, where 
Uo is the empty sequence. Any a-th component of S{T) is defined as the 
full subcategory Sa{T) whose objects are the objects u of S{T) such that 
m{u) = a. 

• The conjugation cp®*'' of S{T) is obtained by setting, for any q e tt, = 
^'■(/yi, . . . , t/„) = {MUi), . . . , (/Pa(C/„)), for any?/ = (C/i, . . . , C/„) £ 5(r), 
and <Pa'^(uo) — uq. The definition is completed by setting ipa^'if) — faif), 
for any arrow / G '5(T). 

It is easy to prove that, in that way, <S(T) becomes a T-category and F and G 
become T-functors. Notice that the hypothesis that the functor (fa {ce G tt) is strict 
is essential to obtain the functor i^j^'''. □ 



In virtue of Theorem 2.1, often we will consider only strict T-categories. 
Adjunctions in a T-category. A left autonomous T-category T = (T, (•)*) is 
a T-category T endowed with a choice of left dualities (•)* satisfying the following 
two conditions. 

• If f7 is an object in 7^ (with a G vr), then U* is an object in 7^-i. 

• The conjugation preserve the chosen dualities, i.e., tppibjj) — h^^(^u^ and 
fl^idu) = dip(3(U) for any /3 G tt and U gT. 

Similarly, it possible to introduce the notion of a right autonomous T-category. An 
autonomous T-category is a T-category that is both left and right autonomous. 

Given two left autonomous T-categories T and T', a left autonomous T-functor 
F: T — > T' is a T-functor from T to T' that preserves the dualities, that is F{bij) = 
i>F{u) s-nd F{du) — dp(^(j), for any U E T. Two left autonomous T-categories T and 
T' are equivalent as left autonomous T-categories if they are equivalent as categories 
via a left autonomous T-functor F: T T' and a left autonomous T-functor 
G; T ^ T' . Similarly, it is possible to introduce the notions of a right autonomous 
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T-functor and of an autonomous T-functor and the notions of equivalence of right 
autonomous T-categories and of autonomous T-categories. 

Remark 2.2. Let T be a left autonomous T-category. Define the T-category S{T) 
and the T- functors F and G as in Theorem Given u e S{T), if we set u* = 

G{F{u)*), then the exact pairing F{u* (g) u) ^ (g) F{u) '^"^"^ > I in T 

gives also an exact pairing u* u — > I under the identification S{T)[u* <S> u, Uq) — 
T(F(u* ® m) , I) . It is easy to check that S(T) becomes a left autonomous T-category 
and that T is equivalent to S{T) as a left autonomous T-category via F and G. 

Stable left duals. Let T be a T-category and let U eTa (with a e tt) be an ob- 
ject endowed with an adjunction {bu, du) ■ U* — I U- We say that (6j/, du) is a stable 
adjunction and U* a stable left dual of U when, for any /3 G tt that commutes with 
a, if (ffiiU) = U then {^ppibu), 'Puidu)) = {bu, du)- If we set $(t/) = {(fipiU)} 
then, given V € ^{U) and /3 G tt such that V — (p/3{U), the stable adjunction 
{bu,du) gives rise to another stable adjunction [ip fi{bu) , '-p pidu)) ipjsiU*) — W 
that does not depends on f3. 

Lemma 2.3. A T-category T admits a structure of left autonomous T-category if 
and only if, for any U £ T , there exists an object Uq G ^(U) endowed with a stable 
adjunction (foo, c?o) ■ Uq — i Uo- 

Remark 2.4. The terminology concerning a category with dualities is not completely 
fixed. In particular, if some authors ^ only require that any object in a left 
autonomous category admits an exact pairing, other authors |l6j also require 
the choice of a pairing, i.e., they consider a fixed adjunction for any object of 
the category. To be coherent with the definition in ||T^, we choose the second 
convention. This will also be useful in the second part of the article, since the 
considered categories will be endowed with a natural choice of stable dualities. 
However, we will see that, starting from a T-category T endowed with a twist 0, 
it is possible to obtain a ribbon subcategory A/'(T) of T, i.e., a subcategory of T 
endowed with stable dualities compatible with the twist. With the exception of the 
trivial case in which we just know that T is ribbon (so that we have A/'(T) = 7"), 
there is no natural way to obtain a canonical duality (•)* for J\f{T). 

Braiding. A braiding for a T-category T is a family of isomorphisms 



c = I CUV e r (^C/ ® (^v) «) C/j 



u,veT 



satisfying the following conditions. 

• For any arrow f eTa{U, U') (with a e it), g gT{V, V) we have 

(2a) ({°'g)®f)ocu,v = cu'y'o{f®g). 

• For any [/, V, G T, we have 

(2b) cu(g,v.w = o,v»v^,u,v ° (cy.'^w ®V)o a'^\^y o {U ® cy^w) 

and 

(2c) cuy<g)W = ^^ulvy^uY o [i^y) ® cu,w^ ° auy^u^w ° {cu,v ®W)o a'[jy^^. 

• For any U,V £T and /3 G tt, we have 

(2d) Vpicuy) ^ c^f,{u).vi,{v)- 
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A T-category endowed with a braiding is caUed a braided T-category. In particular, 
when TT = 1, we recover the usual definition of a braided tensor category 

Given two braided T-category T and T', a braided T -functor F: T T' is 
T-functor from T to T' that preserves the braiding, i.e., such that F(cu,v) = 
cf{u),f(v) for any U,V £ T. Two braided T-categories T and T' are equivalent as 
braided T-categories if they are equivalent as T-categories via a braided T-functor 
F-.T^T and a braided T-functor G:T^T. 

Remark 2.5. Let T be a braided T-category and define S{T), F, and G as in 
Theorem 2.1. The family of arrows 

c„,„ = (^F{u®v) ^ F{u)®F{v) ) 

(for any u,v € S{T)) is a braiding in S{T). With this structure of braided T-cat- 
egory on S{T), the functors F and G become braided T-functors and so T is 
equivalent to <S(T) as a braided T-category. 

The morphism uj. Let C/ be an object in a braided T-category T endowed with a 
left dual [/* via an adjunction {bu,du). We set 

(3) UU = (d^»C/j;. [/) O (^{U®UU*^ ^ O ((cc/^^^L/f;. O buu) ® ^^^i/) • 

Lemma 2.6. ojfj is independent from the choice of the stable left adjunction of U . 

Since the proof is relatively long, it is omitted. 
Twist. A twist for a braided T-category T is a family of isomorphisms 

9={eu:U -^^U} 

L i ueT 

satisfying the following conditions. 

• is natural, i.e., for any / e Ta{U, V) (with a G tt), 
(4a) eyo/=(7)o0y. 

• For any U G Ta and V E Tp (with a, /3 e tt), 

(4b) Ou^V = CusiVy UlJ O CUjjVy o {9u €5 Ov)- 

• For any U E T and a G tt, 

(4c) .^^(fc/) = ^'<p„(c/)- 

A braided T-category endowed with a twist is called a balanced T-category. In 
particular, for tt = 1 we recover the usual definition of a balanced tensor category . 

Given two balanced T-categories T and T', a braided T-functor F : T ^ T' 
is a balanced T-functor if it preserves the twist, i.e., if F{9u) = dp(ij) for any 
UeT. Two T-categories T and T' are equivalent as balanced T-categories if they 
are equivalent as T-category via balanced T-functor F : T ^ T' and a balanced 
T-functor G:T'^T. 

A ribbon T-category T is a balanced T-category that is also a left autonomous 
T-category such that for any U E (with a E tt), 

(5) (^{'^U)(E)9uu,^obujj^{9u<E>U*)obu. 

For TT = 1 we recover the usual definition of a ribbon category 16 also called 
tortile tensor category [|[ ^ p^ . 

Given two ribbon T-categories T and T' , a T-functor F : T ^ T' that is at the 
same time a balanced T-functor and a left autonomous T-functor is called ribbon 
T-functor. Two ribbon T-categories T and T' are equivalent as ribbon T-categories 
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if they are equivalent as T-categories via a ribbon T- functor F : T ^ T' and a 
ribbon T-functor G:T ^T. 

Remark 2.7. Let T be a balanced T-category and define the equivalent braided 



T-category S{T) and the functors F and G as in Theorem |2.l| and Remark 2.5. 
The family of arrows 0^ — dF{u) (with u G S{T)) is a twist in <S(T) such that T 
is equivalent to S{T) as a balanced T-category via F and G. If T is ribbon, then, 



with the structure of left autonomous T-category on iS(T) provided in Remark 2.2, 
T is equivalent to S{T) as a ribbon T-category. 

Mirror T-category. Let T be T-category. The mirror T of a T-category T 
(see and the description of the corresponding algebraic notion of mirror T-coal- 
gebra below) is the T-category defined as follows. 

• For any a G tt, we set 7^ = T^-i as a category. So, as a category, T — T. 

• The tensor product J7W in T of C/ e = 7^-i and F e = 7^-i 
(with a, /? S tt) is given by U(E>V = (p/^-i (U) ®V€ Tap- Given an arrow / 
in Ta and an arrow g in T p (with a,/? G tt), the tensor product f®g of / 
and (7 in T is given by f®g — fp-i (/) ® g. 

• The associativity constraint is given by au,v,w = o.^^ _j^^_-^(u),ip -i{v),W7 
for any U e Ta, V e Tp, and W e Ty (with a, /3, 7 e tt). 

• The left unit constraint and the right unit constraint are given by lu — Ijj 
and Tu = ru, for any U G T. 

• The conjugation is given by Tp^ — ipa. 

When T is a left autonomous, T is left autonomous by setting, for any U £ 
(with a G tt), 6[/ = tfa{bu) and dy = du- When T is braided, T is braided via 
cuy — {cv^u)^^ , for any U,V £1. When T is balanced (respectively, ribbon), T 
is also balanced (respectively, ribbon) via 9u — [O^^^jj)) , for any U <E (with 

a G vr). The mirror construction is involutive, i.e., we have T — T . 

Two [(left/right) autonomous, braided, balanced or ribbon] T-categories T and 
T' are mirror equivalent [as [left/right) autonomous, braided, balanced or ribbon 
T-categories] if T is equivalent to T' as [(left/right) autonomous, braided, balanced 
or ribbon] T-category. 



3. T-CATEGORIES OF REPRESENTATIONS 

T-COALGEBRAS. Let k be a commutative field and let tt be a group. A T-coalgebra 
H {over n and k) jlj] is given by the following data. 

• For any a G tt, an associative k-algebra Ha, called the a-th component 
of H . The multiplication is denoted ■ Ha ® Ha Ha and the unit is 
denoted 7/^ : k — > Ha, with Iq, = ?7a(l). 

• A family of algebra morphisms A = {Aq./j : -ffa/3 — * Ha ® -f^/s}^ ^g^? called 
comultiplication, that is coassociative in the sense that, for any a,/3, 7 G tt, 
we have (Ha ® A^_^) o Aa.p-y = {Hap ® H^) o Aaf3,-y 

• An algebra morphism e: Hi — *■ k, called counit, such that, for any a G tt, 
we have {e ® Ha) o Ai,q = Id and {Ha (81 e) o Aa.i = Id. 

• A set of algebra isomorphisms ip — {fp- Ha iJ^^^-i }^ ^g^, called 
conjugation. When not strictly necessary, the upper index will be omitted. 
We require that ip satisfies the following conditions. 

— (p is multiplicative, i.e., for any /?, 7 G tt, we have ipp o ip^ = ipp-y. It 
follows that, for any a G tt, we have — IAh^ ■ 

— ip \s compatible with A, i.e, for any a, (3,^ G tt, we have {ip^ ® Lp^) o 
Aq,/3 — A^^j^-i^^^^-i o ip^. 
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— (/? is compatible with e, i.e., for any 7 G tt, we have e — ip~, o e. 

• Finally, a set of k-linear morphisms s ~ {sa'. Ha H^-^^aeiT^ called 
antipode, such that, for any a G tt, we have /ia o {Ha O Sa-i) ° ^a,a-^ = 

r]aO£ = ^aO (s^-l (g) Ha) O Aq-i^„. 

We say that H is of finite-type when any component Ha (with a G tt) is a finite- 
dimensional k-vector space. We say that H is totally-finite when dimk Ha < 
00, i.e., when H is of finite-type and almost all the Ha are zero. It was proved in 
that the antipode of a finite-type T-coalgebra is always bijective. We observe that 
the component Hi of a T-coalgebra H is a Hopf algebra in the usual sense. 
COOPPOSITE T-COALGEBRA. Let H he a, T-coalgebra with invertible antipode. The 
coopposite T-coalgebra H""'' is the T-coalgebra defined as follows. 

• For any a G tt, we set H^'' = Ha-i as an algebra. 

• The comultiplication A"°'^ is obtained by setting, for any a, /9 G tt, 

= = Hp-ia-^ hzl^ Hp-^ ®Ha-i ^ Ha-i ®Hp-^ = H'^^ ® H^f) . 

The counit is given by e""^ = e. 

• The antipode s°°'^ is obtained by setting 8°°^ = s"""^, for any a G tt. 

• The conjugation ip""^ is obtained by setting t^J'' = ipp, for any /5 G tt. 

Heynemann-Sweedler NOTATION. The coassociativity of H allows us to intro- 
duce an analog of the Heynemann-Sweedler notation Given ai, . . . ,a„ G tt 
and defined 



Hi®H2® Has-.-a^ ■■■ Hai<E) Ha^ (E) ■ ■ ■ (E) Ha 

for any h G i?aia2---a„ : we set h'^ai)'^^ia2)®' ' '®^"(a„) " ^aua2,...,a„{h). Let H he 
a T-coalgebra over a group tt and a field k and let M be a k-vector space. Suppose 
that / : Hai x ff^^ x ■ • ■ x Ha^ — > M is a k-multilinear map. Denoted / the tensor 
lift of /, we introduce the notation /^/i'^^^^, /i"^^^, • • • , /i'"^,^-)^ = /(A 

Ql .0(2 ; ■ ■■jCtn 

For simplicity, we also suppress the subscript "(ofi)" when — 1. 
QUASITRIANGULAR T-COALGEBRAS. A quasitriangular T-coalgebras (see Q) is a 
T-coalgebra endowed with a family R — {Ra.j3 — C(a).i <X'C(/3).i G Ha(E> Hf3}a,p£TT, 
the universal R-matrix, such that i?a,/3 is invertible for any a,/? G tt and the 
following conditions are satisfied. 

• For any a, /3 G tt and h G Hq^, 

(6a) Ra,l3Aa^p{h) = ((T O ((^^-1 ® Fq) O Aa0a-\a) {h)Ra,0- 

• For any a, /3, 7 G tt, 

(6b) {Ha (81 A^_-y)(i?a_/3^) = (-Ra,7)l/33(-Ra,/3)l27, 

where, given two vector spaces P and Q over k, for any x = pi®qi G P ®Q 
we set = Pi ® 1^ ® and — Pi® qi® I7. 

• For any a, /?, 7 G tt, 

(6c) (Aa^/3 ® i/^)(i?a/3,^) = (((^^ «) i?-, ) (i?^- 1 a/3,7)) (i?/3,7)Q23 , 

where, given two vector spaces P and Q, for any x — pi ® qi ^ P ® Q we 
set a;Q23 = la Pi ® 9i. 

• i? is compatible with ip, in the sense that, for any a,(3,j G tt, we have 



(6d) ((^a (g) (/7a)(i?/3,7) = -Rq/Jq- 



,070: 
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Notice that {Hi, is a quasitriangular Hopf algebra in the usual sense. For any 
a,/? G TT, we introduce the notation ^(q).^ ® C(/3).i = Ra.fi = Ra^p- 

Following jl^, we set Ua = (s„-l O ipa){Cia-'>-).i)Ua)-i € Ha and U = {UajaSTi-- 

The Ua are called Drinfeld elements of 77. When tt = 1, we recover the usual 
definition of Drinfeld element of a quasitriangular Hopf algebra. The following 
properties of u are proved in jiot . Let a and /3 be in tt and let h be in Ha- 

(7a) ui = si(C(i).j)C(i).j- 

(7&) Uq is invertible with inverse = s'^ (^C{a-'^).ij£,{a).i- Moreover we have 

"a^ = C(Q).i(sQ-i O Sa)(C(a).i)- 
(7c) (Ua/3)(„) «) (Ua/j)"^) = i{a).tC{a).jUa C(/3) .i '/'c,- 1 (?(a/3a-i ).j )U/3 • 

(7rf) e(ui) = 1. 

(7e) S„-i(Ma-i)Ma = UaS„-i(Ua-i)- 

(7/) ippiUa) =U/3af3-^- 

(Jg) {Sa--I- O Sa O ^Pa)ih) = UahUa^. 

(7/l) UaSa-i{Ua-i)h = (fia^ {h)UaSa-i (Ua-i) ■ 

The mirror T-COALGEBRA. Let H = {H, R) be a quasitriangular Hopf algebra 
(with i? = (g) Q and i?"^ = ^ = |j (g) 0). By replacing R with R = a{R) = Qf^ii 
we obtain another quasitriangular structure H = {H,R). This means that, in the 
category of representations of H, we replace the braiding cr provided by R by 
the braiding c~^^ provided by R. When is a T-coalgebra, the family = 

Ca.i €5 £,i3.i}a.i3eTr is uot a Universal i?-matrix for H. Nevertheless, it is still possible 
to generalize the definition of H. Let iJ be a T-coalgebra. The T-coalgebra H, 
called mirror of H is defined as follows. 

• For any a e tt, we set Ha = Ha-i ■ 

• For any a, /3 G tt, the component Aa.fs of the comultiplication A of i? is 

(8) AaAh) = {{^(3 (E> Hfi-l) O Afi-la0^f:!-i){h) e Ha-i(g>Hfi-l =Ha(S>H(3, 

for any h £ iJ^-i^-i = Hap- If, we set hj-^®hl^ — Aa^p{h), then (^) can 
be written in the form hj-^ ® hj^ = 'Ppih'^^p-ia-ip)) ^ '^'^^ counit 

of H is given hy e ^ H^ — H\ . 

• For any a G tt, the a-th component of the antipode s of if is given by 

Sa — ° : Ha ~ Ha-i — > Ha = Ha-i- 

• Finally, for any a € tt, we set ^„ — fa- 

If H is quasitriangular, then H is also quasitriangular with universal i?-matrix 

(9) C(a).^ ® C(/3).^ =^a,/3 = (^(i?/,- 1 1 )) G ii„-i ® iZ/j-i --Ha® Hp 

for any a, /3 G tt. 

Ribbon T-coalgebras. We say that a quasitriangular T-coalgebra H is ribbon 
when it is endowed with a family 6 ~ {Oa\Sa € Ha}aeTr such that 9a is invertible 
for any a G tt and the following conditions are satisfied for any a, /3 G tt and h G Ha- 

(1) ^a{h)=9-'h9a- 

(2) Sa{9a)=0a-i- 

(3) (0a/3)(„) {9af3)'lp) = aC,(a) .iS,(a) .] ® f3'fa-^{i(aPa-^) .i)C(P) .j ■ 

(4) (^/3(6'o) =6l^„/3-i- 

Notice that (i/i, 6*1) is a ribbon Hopf algebra in the usual sense. 
T-CATEGORIES OF REPRESENTATIONS. Let ii be a T-coalgebra over a field k. The 
T-category Rep(ii) (see is defined as follows. 

• For any a G tt, the a-th component of Rep(i7), denoted Rep„(i/), is the 
category of representations of the algebra Ha - 
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• The tensor product U (giV of U e Rep„(i?) and V G Rcpp{H) (with a,j3 (= 
tt) is obtained by the tensor product of k-vector spaces C/ ®ik endowed 
with the action of Hai3 given by h{u^v) = Aa.fi{h){u(>^v) = h'^^-^u h'^p^^v , 
for any h G Haf3, u G U, and v € V. 

• The tensor product of two arrows / G Rep„ {H) and g G Rep^ (H) is given 
by the tensor product of k-hnear morphisms, i.e, the forgetful functor from 
Rep(7?) to the category of vector spaces over k is faithful. 

• The unit I is the ground field k with the action of Hi provided by e. 

• Given /3 G tt, we need to define the functor ^{■). To avoid confusion, in 
this context we reserve the notation ipp for the isomorphism of algebras 
tpfs: Ha -ff^Q^-i. Let U be in Rep^iH), with a e tt. The object '^C/ 
has the same underling vector space of U. Given it G C/, we denote the 
corresponding element in '^U. The action of Hpap-^ on is given by 

(10) h^u^^\'4}0-i{h)u) 

for any u^U and h G i/^Q^-i. 

The objects of Rep(iJ) are called representations of H . 

When H is quasitriangular, Rep(7?) is braided by setting, for any u G ?7, w G V^, 
U G Rep„(iJ), V G Rep^(iJ), and a, /3 G vr, 

cuy :U®V^ (^"v'j igiU: u^v^ ("(C(/3).j«)) ® ^(a).»"- 

Let us consider the full subcategory Repf(if) of finite- dimensional representa- 
tions of H, i.e., of representations U oi H such that dimt f/ G N. The T-category 
Repf (iJ) has a structure left autonomous T-category obtained in the following way. 
For any t7 G 7^ we set U* = Homij(J7, k), with the action of H^-^ on U* given by 

(11a) {hf,u)^{f,Sa-i{h)u) 

for any h G i?Q-i , f ^ U* and u ^ U. Then, U* is a left dual of U via 

(lib) bu:l^U(E)U*: l^ei(Se' 

(where {ci} is a basis of f7 as a k-vector space and {e*} its dual basis), and 

(He) du: U* (giU ~^k: f (giu^ {f,u) ^ f{u) 

(for any f € U* and u eU). 

If H is endowed with a twist {6a G Ha}a£-K, then Rep(i?) is a balanced T-cate- 
gory, with the twist 9u : U ^ : u ^ for any u £U , with U G Rep„(7?), 
and a G TT. Similarly, Repf (iJ) is a ribbon T-category. 

Notice that Rep(_ff) is isomorphic to Rep^H^ . Similarly, Repf(_ff) = Repf ^i/^ . 

4. The center of a T-category 

We generalize the center construction of a tensor category described in |^ to the 
case of a T-category T (that, for simplicity, we suppose strict), obtaining a braided 
T-category Z{C) in the following way. 

• The objects of Z(T), called half-braidings, are the pairs {U,c_) satisfying 
the following conditions. 

— t/ is an object of T. 

— c_ is a natural isomorphism from the functor U ® - to the functor 
'^(_) ® U such that for any X, y G T, we have 

(12a) = (^(^x) ®cy^ o(cx®r). 
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The arrows in Z{T) from an object [U, c_) to an object (V, are the arrows 
/ G T(C/, V) such that, for any X G T, we have 



(12b) 



{(^X) OCX =0x0 (/®X). 



The composition of two arrows in Z{T) is given by the composition in T, 
i.e., by requiring that the forgetful Z{T) T: {U, c_) [/ is faithful. 

• Given Z = {U,c_),Z' = {U',c'J G Z{T), their tensor product Z ® 2" in 
-2(0) is the couple (U <E) U', (c □ c')_) , where (c □ c')_ is obtained by setting, 
for any X ^ T, 

(12c) (c □ c')x = (cl.'^ «) U') o{U(E> c'x). 

• The tensor unit of Z{T) is the couple Zj — (I,Id_), where I is the tensor 
unit of T. 

• For any a G tt, the a-th component of -Z(T), denoted Za{T), is the full 
subcategory of Z{T) whose objects are the pairs ([/, c_) with U ETa- 

• For any /3 G tt, the automorphism ipz is obtained by setting, for any 

(c/,OGZ(r), 
(12d) Vz.p{U,c_) = {Mu),^zAO), 

where ipz.i3{^)x = V0{^ip-^{x)) ^ X E T. The definition of ipfs is 

completed by requiring that the forgetful -Z(T) — > T is a T-functor. 

• The braiding c in Z{T) is obtained by setting, cz z' — Cfj', for any Z = 
(C/,0,Z' = ((7',0gZ(T). 

Theorem 4.1. Z{T) is a braided T-category. 



The proof of Theorem 7.1 and of most of the results in the next three sections 
can be obtained by introducing a graphical calculus as is and in |7j and then 
to follow, mutatis mutandis, the computation in [Q, with the main difference that 
we does not obtain the categorical quantum double directly, but in more steps, 
as described before. Alternatively, it is possible to made every computation alge- 
braically. This has the advantage that you can consider T-categories that are not 
equivalent to strict T-categories. In particular, you can consider T-categories such 
that the con jug ate automorphism tp are not strict (see note at the end of the proof 
of Theorem ETj). However, in that way, computations become very long. 

Remark 4.2. Bruguieres [Q noticed that, if C is an autonomous tensor category, 
then Z{T) is autonomous too. He also noticed that this result is still true if we 
replace C with a T-category T. 

Remark 4.3. The definition of the center given here generalizes the most usual 
convention adopted also in 0. However, in [||, the center of a tensor category 
is constructed in a similar way, but considering the natural transformation of the 
kind _ (g) [/ ^ [/ (g) _. The choice in seems more appropriate in some context, 
e.g., in the construction of the isomorphism between the center of the category of 
representations of a Hopf algebra H and the category of representations of D{H). 

5. The twist extension of a braided T-category 

Let T be a braided T-category (again, for simplicity, we suppose T strict). 
Generalizing the construction described in iQ, we obtain a balanced T-category 
, the twist extension of T . Even if we do not have, in general, an embedding 
T T^, the name is justified by the observation that we still have an embedding 
Ti T/. We wiU see that, if F is a T-coalgebra and T = Rep(i/) or T = Repf (7?), 
then there is an embedding T ^ . 
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• The objects of are the pairs T = ([/, t), where C/ e T and i e T {u, 
is invertible. 

• For any Ti = (C/i, ii), T2 = ([/2, ^2) e T^, the arrows from Ti to T2 in 
are the arrows / G T(C/i, C/2) such that 

(13a) (''/) o ii - t2 o /. 

The composition is given by the composition in T, i.e., we require that the 
forgetful functor from ^ T : {U,t) ^ U is faithful. 

• The tensor product of Ti = {Ui,ti),T2 = (C/2,t2) e is the couple 

Ti K r2 = ([/i ® t/2, h M t2), where 

(13b) tiMt2^ Cu»u'jj,ujj ° CujjU'jj, o {ti (g) ^2) 

• The tensor product of two arrows in is given by the tensor product of 
arrows in T. 

• The tensor unit in is the couple Tj = (I, Idi), where I is the tensor unit 

of r. 

• For any a £ tt, the component = (T^)^ is the full subcategory of 
whose objects are the pairs {U,t) with U ^Ta- 

• For any /? G tt, the functor is obtained by setting, for any (J7, t) e , 

(13c) ^l{U,t) = {^p{U),^p{t)) 

and ip^ if) = fif), for any arrow / in . 

• The braiding in is obtained by requiring that the forgetful functor from 

to T is braided. 

• The twist 6 of is obtained by setting Or = t, for any T = ([/, t) e . 
Theorem 5.1. is a balanced T-category. 

Dualities in T-^. Even when T is left autonomous, an object in not necessarily 
admits a left dual. So, in particular, is not necessarily ribbon. The following 
lemma gives a characterization of the objects in endowed with a stable left dual. 

Lemma 5.2. Let T ^ {U.t) and T* = (C/*,t) he objects in T^. Then, T* is a 
stable left dual of T with unit bx and counit dx if and only if 

• U* is a stable left dual ofU in T via unit bu — bx and counit djj = dx and 

• T ~ ^ i* , where i € t[u, satisfies t^^ o^i^^ = uju . 

6. Dualities in a balanced T-category 

Let T be a balanced T-category. Generalizing some resuhs in [g I [16[ H to 
the case of a T-category, we study the properties of dualities in T. In particular, 
this will allow us to obtain a full subcategory M{T) of T that will be the biggest 
ribbon category included in T . This is the analog, in the case of a T-category, of 
the construction given in jljl in the case of a tensor category. 
Reflexive objects. Let T be a balanced T-category and U eT. We set 

0f^= (u ^''''''u 



and 9jj^ = {9fj) ^. We say that U is reflexive if it is endowed with a stable left 
dual U* , such that 9^'^ = uju. 

Lemma 6.1. IfUCzT has a stable left dual U* such that the ribbon condition (^) 
is satisfied, then U is reflexive. In particular, any object in a ribbon T-category is 
reflexive. 
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Reversed duality. Let U he a, reflexive object in T. We set 



Lemma 6.2. U is a left dual ofU* via {bu,d'u), i.e., [d'^ ®U) o [U ®h'^) = U and 
{U* ® d'jj) o (g) C/*) = U*, that is, U is a stable left dual of U* with unit b'jj and 
counit d'jj. 

The adjunction {b'jj,d'jj) is said reversed adjunction of {bij,du). 
Good left duals. Let U he a. reflexive object. We say that U* is a good left dual 
if further we have 



(14) 0u' = "'t 



u- 



Lemma 6.3. Let U be an object in a balanced T-category T endowed with a stable 
adjunction {bij,du): JJ* — ill. The ribbon condition is satisfied if and only 
if ( |r^ ) is satisfied. In particular, T is ribbon if and only if any object U E T 
satisfies ([l4|). 

Lemma 6.4. Let U* he a good left dual of U e T. If we set U** — U via the 
reversed adjunction {b'JJ,d'^), then we have b'lj = hu and d'lj = djj . If V* is a good 
left dual ofVizT and we set V** = V via the reversed adjunction (by^d'y), then, 
for any f £ T{U, V), we have /** = /. 

The category N{T). Let T be a balanced T-category. By definition, A/'(T) is 
the full subcategory of T of the object U G T that admits a good left dual. For 
any class ^{U) in M{T) we also fix an object Uo G $(f/) and a good left dual Uq 
of Uq, obtaining, in that way, a good left dual V* for any V E ^{U). 

Theorem 6.5. Af{T) has a structure of balanced "T-category. Moreover, M{T) is 
a ribbon T-category and any other ribbon subcategory of T is included inJ\f{T). 

Proof. The proof that N{T) has a structure of balanced T-category is given in 



Lemma 3.7, The proof that Af{T) is autonomous is given in Lemma |6.8| . Since, by 
hypothesis, any object of 7V(T) satisfies (p^, then, by Lemma N{T) is ribbon. 
The fact that any other ribbon T-category included in T is also included in N{T) 



follows by Lemma |6.l| and Lemma 6.3. □ 



To prove that Af{T) is a tensor category, we need the following observation. 

Lemma 6.6. Let U and V be objects in T, let U* be a stable left dual of U , and 
let V* be a stable left dual of V. Consider the dual {U ®V)* ^V* ®U* ofU ®V 
via the unit hut^v = {U ®bv ®U*) obu and the counit du(g)V = du ° {U* ® dy ®U) . 
We have cv*,u* = ^vv-ij- 

Lemma 6.7. The structure of balanced T-category of T induces a structure of 
balanced T-category on J\f{T). 

Proof. The only non trivial part is to show that A/'(T) is a tensor category. Since 
7V(T) is a full subcategory of T, we only need to show that the tensor product of 
U,V € M{T) lies in 7V(T), i.e., that U ®V admits a good left dual. Let U* be a 
good left dual of U and V* a good left dual V. Given V* (g) C/* as a stable left dual 



oi U ®V with unit hu^v and counit du^y as in Lemma 6.6, then V* Cg) f7* is a 
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good left dual oi U (E)V since, by Lemma 3.6, 



— ^* r. ( (VSiU'n* \ ^ V'n* 



V ° cv,U' 



V I ^ '-V^'u 



Cutsvyuu 



□ 



Lemma 6.8. M{T) is an autonomous T-category. 



Proof. Given U £ A/'(T) and a good left dual U* of U, we need to prove that also 
U* is an object in Af{T). Since U* is a goo d le ft dual of U, by Lemma 6^ it satisfies 
the ribbon condition (|5|). So, by Lemma xl, U* is reflexive and so [/ is a stable 
left dual of U* under the reversed duality. We only need to show that, if we set 
U** — U via the reversed duality, then ( [T^ ) is satisfied. Now, by Lemma 6.4 
have (O'Ij)* — Ojj, so we only need to check 



we 



(15) 

Applying \) to (|l|), we get ^Ou- 



By duality, we find (p_3 



□ 



7. The quantum double of a T-category 

Let T be T-category (that again, for simplicity, we suppose strict). Apply 
the center construction obtaining the braided T-category Z{T). Then consider 

its twist extension (^Z{T)^^ . Finally, consider its maximal ribbon subcategory 
V{T) = J\f(^{Z{T)fy Starting from T, we obtained a ribbon T-category. How- 
ever, generalizing the construction |Q , we can directly construct a ribbon T-category 
I?(C), the quantum double of T , isomorphic to N {jyZ{T))^y One of the advan- 
tages is that a choice of dualities in T, i.e., a structure of autonomous T-category, 
induces a choice of dualities in T>{T). 

• The objects of 2?(T) are the triples D = {U, c_, t), where 
— [/ is an object in T, 

is a natural isomorphism that satisfies the half- 
braiding axiom (12a), 



t eT (^U, is an isomorphism such that 



U4 



t] Ot 



Given two objects Di ~ {Ui,c_,ti), D2 = {U2,'0_,t2) £ T^iT), an arrow 
/ G 'D{T){Di, D2) is an arrow / e T{Ui,U2) that is compatible with the 
half-braidings and the twist, i.e., it satisfies (12b) and ( |l3a| ). 
The tensor product of two object Di ~ ([/i,c_,<i), D2 — (C/2,0.,^2) G 
V{T), is the triple Di®D2^ ([/i C/2, (cHO)., ti Htz) ■ where □ is defined 
as in (12c) and Kl as in (13b). The tensor product of arrows is obtained by 
requiring that the functor P(T) T : {U, c,t) ^ U is a tensor functor. 
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• The conjugation is given by ipv.p{U, c_,t) ^ {ipf3{U),ipf3{Z.c_),ipi3{t)), for 
any /3 e tt and {U,c_,tu) £ 2?(T ), where (pz.p{c_) is defined as in the 
case of the center of T (see ( |l2d[ )). For any arrow / in I?(C), we set 

• Let D = ([/, c_, be an object in I?(T). We obtain a stable left dual D* 
of D in V(T) by setting D* = (^U*, c_, ^i*^ and = 6c/, = dc/, where 
6[/ and du are the unit and the counit of U in T. 

• The braiding is obtained by cdi,D2 = Cc/2 for any Di ~ {Ui,c_,ti), D2 = 
iU2,d_,h) eViT). 

• The twist is obtained by setting 0d =t for any D ~ (U, c_, t) G ^?(T). 



Theorem 7.1. "DiT) is a ribbon T-category isomorphic to J\fy(^Z(T)^^ ] as bal- 
anced T -category. 



8. Yetter-Drinfeld modules and the center of Rep{H) 

We give the definition of a Yetter-Drinfeld module over a T-coalgebra H and 
we prove that the category YD (H) of Yetter-Drinfeld modules over H is a braided 
T-category isomorphic to Z(Kep{H)). 

Definition of a Yetter-Drinfeld module. Let us fix a in tt. An a-Yetter- 
Drinfeld module or, simply, a YDa-module is a couple V = {V, Ay = {Av.x}\£tt), 
where V is an i/^-module and, for any A S tt, Ay^^ ■ V ^ V (S) Hx is a k-linear 
morphism such that the following conditions are satisfied. 

• y is coassociative in the sense that, for any Ai, A2 € tt, we have 



Hx 



A 



V, A2 



(16a) Aai,A2)° Ay^AiA2 = (Ay,Ai 

• y is counitary in the sense that 

(16b) (y (gi e) o Av,i ^ Id. 

• V is crossed in the sense that, for any A G tt, the diagram 

Ha(d Hx<»V Hx 





Ha®V ® Hx® Hx 



(16c) 



H. 



fJ-v is Ma 

i 

f 

V (SHxdiHx 

V'<8>i?aAa-i 

commutes {fix is the product of Hx while fiy is the iJ^-module structural 
map of V). 

If, for any w G F, we set 
(17) V(v) «) V(A) = Av,x{v), 




then we can rewrite axiom ( |l6a|) , as (t'(y))(y)(8)(f (y))(Ai)'X'i^(A2) = '^(v)®(^^(AiA2))(Ai)'< 
(ti(AiA2))(A2)- Similarly, we can rewrite axiom ( |l6b| ), as e(w(i))ti(v) = v. Finally, 
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we can rewrite the commutativity of (16c) as h'f^ci)'^{v) ^ ''■(a)^(a) = i^'{a)'"){V) ® 



('*('a)^)(A)</'Q-i('i(aAa-i))' any A G TT and h e Ha\. 

Given two YDa-modules (V,Ay) and (W^, Aw), a morphism of YDa-modules 
f : {V, Av) — > {W, Aw), is a i?Q,-linear map f : V W such that, for any A G tt, 

(18) Aw,xof = {f®Hx)oAv^x. 

With the notation provided in (|l7|), axiom ( [l^ ) can be rewritten as /(w(v)) ^ 
''^(A) = (/(^))(VK) ® (■^(^))(A)' ^"^y ■y G 1^. We complete the structure of the 
category YDa{H) by defining the composition of morphisms of YDa-modules via 
the standard composition of the underlying linear maps, i.e., by requiring that the 
forgetful functor YD„(i/) Rep„(i?) : {V, Ay) ^ V is faithful. 

Let YD (H) be the disjoint union of the categories YD Q,(iJ) for all a € tt. The 
category YD (H) admits a structure of braided T-category as follows. 

• The tensor product of a YDc-module (V, Ay) and a YD/j-module {W, Aw) 
(with a, /3 G tt) is the YD^^-module {V^W, Ay^w), where, for any w G 

w G and A G tt, we have 

(19a) Av(g,w.\{v (E)w) ^ V(^v) '8> ® W(a)(/3/3-i (w(/3A/3-i))- 

The tensor unit of YD {H) is the couple Iyd = Aj^), where, for any 
A G TT and fc G k, we have Aii ),{k) = fc (g) Ia- 

Finally, the tensor product of arrows is given by the tensor product 
of k-linear maps, i.e., by requiring that the forgetful functor YD (i7) 
Rep(iJ) : (V, Av) V is a. tensor functor. 

• Given /3 G tt, the conjugation functor \) is obtained as follows. Let a be 
in TT and let (V^,Ay) be a YD^^-module. We set '^(F,Ay) = ( V, A 
where, for any A G tt and w G '^V 



(19b) A.y^H=r(r-)(.)))^^'^(r-)(,-uJ 



Given a morphism /: (V, Ay) (W, Aw) of YD-modules, for any v ^ V, 
we set C'/) C^w) — (/(u)), i.e., we require that the forgetful functor from 
YD (H) Rep{H) is a T-functor. 

The braiding c is obtained by setting, for any YD^-module (V,Ay), any 
YD^-module {W, Aw), and any v &V and w G W, 



(19c) C(yAv),(W,AnO('"'^'^) = "(5/3-1 («(/3-i))w^) 

To prove that YD (H) is a T-category and that it is braided, we prove before 
that YD (iJ) is isomorphic to Z (Kep{H)) as a category. 

Theorem 8.1. The category YD (H) is isomorphic to the category Z(R,ep{H)^. 
This isomorphism induces on YD (H) the structure of crossed T-category described 
above. 

Firstly, we construct two functors Fi : Z(RepiH)) YD (H), and Fi : YD (H) 
^(Rep(iJ)). Then we prove Fi o Fi = IdYD(ff) and Fi o Fi = Id^^ (h)) ' 
isomorphism, YD (H) becomes a braided T-category. We complete the proof of 



Theorem 3.1 by proving that this structure of T-category is the structure described 
above. 
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The functor Fi. Let a be in tt and let (V, Cv) be an object in Za{Rep{H)) . For 
any A £ tt, we set 

(20) Av.A^)^Ch\(^("1x) (Eiv^. 

Lemma 8.2. The couple (V, Ay = {Av.x}xeTr) a Y^ia-module. In that way, 
we obtain a structure of YD -module for any object in the center ofIiep{H). With 
respect to this natural structure, any morphism in the center of Rep(iJ) is also 
a morphism of YD-modules. By setting Fi(y, c_) = {V,Av) and Fi(/) = /, we 
obtain a functor Fi : Z(Rep(i/)) -> YD [H). 



To prove Lemma |8.2| we need some preliminary results. 

Remark 8.3. Given A G vr, the algebra H\ is a left module over itself via the action 
provided by the multiplication. Similarly, H^^a-^ is a left module over itself. By 
definition (10) of the action of H^-ixa on the module " H\, the k-linear map 

is i?Q,-i^a-linear and so it is an isomorphism of iJ^j-i^jj-modules. Notice that 
"(i^Q,(/i)) — ipa{h) and that, for any ai,a2 G tt, we have (paia2 = (^^ "^qi) ° ^02- 
Let X be an iifA-modulc (with A G tt) and let x : Hx X he the unique iJA-linear 
map sending 1a to x. We set 

: H^^^-i "Hx ^ "X. 

Since, for any h G H^xa-^^ x'^°'\h) = "((£ o ip^-i){h)) — hx, we have that i*^"' is 
the unique iJ^^^-i -linear map sending 1qAq-i to a: G "X, i.e., x^"'* = "x. 

Lemma 8.4. Let V be a YDa-module. For any v €V and x G X we have 

(21) cx\y^v) = v(^v)^v^x}{"'y)- 

Proof. The proof follows by the commutativity of the diagram 




for X = " y. The top triangle commutes by definition of Ay a- The bottom triangle 
commutes by definition of x^°'K The square commutes because c_ is an isomorphism 
of functors. □ 



Proof of Lemma 8.<. We check that ( V, A y,_) satisfies the axioms of YDa-module, 
then we conclude the proof of Lemma ^.2| with the part concerning morphisms. 

COASSOCiATiviTY. Let Xi be a i/Ai-module and let X2 be a Hx^-m^odnle, with 
Ai, A2 G TT. By ( |l2a| ), we have c^^^^Xa = ® ^2) o (("-'^1) ® ^x\)^ so, for any 
V e V, xi Xi and X2 € X2, we get v^y) ® (^'(AiA2))(Ai)^i ® (^(Ai A2))(A2)^2 = 
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{vv){v) iv(v))(\i)Xi (X* V(^\2)X2- If we evaluate this formula for Xi = H\^, X2 = 
i/A2, xi = "1ai, and X2 = then we get i'(y) (g) {v{\^\^))[^^) ® {v\i\2)'lx^) = 

{viv))iv) (E) (w(y))(Ai) ® W(A2)- 

COUNIT. Since we have V(^v) ® ^^(i) = v ®1, we get £(i;(i))w(y) = e{l)v = w. 

Crossing property. Let X be a iJA-module. For any v e V and .x G X 



we have he 



and c 



i^{af)iv) ® (^('a)«)(A)¥'Q-i(^(aAa-i))2;' the crossiug property ( |l6c] ) follows by 
the i?c[A-linearity of c^^^. This completes the proof that {V, Ay) is a YD^^-module. 

MORPHISMS. Let {W, 5_) be another object in Za (Rep(i/)) . Define Aw as above 
for Ay. Given any /: ^ ly in Z^Rcp(i/)^, we prove that / gives rise to a 
morphism of YDc-modules, i.e., that (|lj) is satisfied. By the commutativity of 
djjl o (("i/A) ® ./) = (/ ® ifA) o c^^, we have ((/ ® i7A) o Av,x){v) = ((/ ® i?A) o 



)(("lA)®i') = (£'H>(ri/A)®/))(("iA)®^;) =c)h1(("1a)®/h) 



iAv,xof){v). 

The proof that Fi is a functor is now trivial. 



□ 



The functor Fi. Let (F, Ay) be any YDa-module. Given A e tt, for any repre- 
sentation X of H\ set 

(23) Cx-.V'SiX ^ {"X) ^V:vSix^ (sa-i (w(A-i))a:^)) 
Lemma 8.5. T/ie couple (V, c_) is an object in Z(Rep(i7)). In particular, 



® ^'(A) (" 'y) 

/or any y G "X anrf v ^ V . With respect to this natural structure, any morphism of 
YT)-modules gives rise to an arrow in Z(Rep(i7)). By setting Fi(y, Ay) ^ {V,c_) 
and Fi(/) = /, we obtain a functor from YD (iJ) to 2^(Rep(_ff)) . The functors Fi 
and Fi are mutually inverses. 



To prove Lemma 8.5, we need another preliminary lemma. 

Lemma 8.6. For any v e V we have (w(y))(y) ® (■f(y))(A)S(A-i)(^^(A-i)) = w (g) 1a 
and (w(y))(y) S(a-i) ((w(y))(A-i))w(A) = w 1a- 

Proof. Since Ay is counitary, the proof follows by the commutativity of 



V — 



V®Hx 



^ V®Hi 



A„ 



V ®H 



i 

A-i 



^Ta 



V®Hx®Hx 

-V®(r,Aoe) y ® i/A 

V'^AiA 



V«1S, _i®_f/A 



^V®Hx 



H 



X 



where the two squares on the right-hand side are commutative because of the coas- 
sociativity of Ay, while the two squares on the left-hand side are commutative 
because s is the antipode of a T-coalgebra. □ 
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Proof of Lemma 8.L. Let us check that (V, c_) is an object in ZQ(Rep(i/)). 

Invertibility. Let X be a representation of H\, with A e tt. We set 

ix ■■ ("X) ®V ®X: y®vv^ V(y) ® ^(a) (° y) • 

Let us prove that ix is the inverse of Cx- For any v ^ V and a; G X we have 

z;(8)a; (" (sa-i (w(A-i))a;)) ® 'y(y) (t'(y))(A)S(A-i) (v(A-i))a; = 

?; (X) X (where the last passage fohows by Lemma |8.6| ) . Similarly, for any v and 

2/ G "X we have y®v i > W(a) i a- S(a-i) ((w(y))(A-i))i'(A)2/ ® 

Linearity. Let X be a representation of Hx, with A G tt. It is a bit easier to 
prove that ix (instead of Cx) is i/oA-hnear. For any w G y G " X, and h G iJoA, 



we have hiv,x{v ® v) =■ hiv(y) ® V(X){^ V) j = h'{a)^{V) ® ^(a)'"(a)(" V) 



and 



By the crossing property (16c) of (V, Ay), these two expressions are equal. 

Naturality. Let us check that c_ is a natural transformation from the func- 
tor V ® - to the functor ^(_) ® V . Given two representations Xi and X2 of 
H\ and a H\-\incax map /: Xi — > X2, for any v & V and x G Xi we have 

[[{^.f) ® o c^,^(t; ®x) = (^(7) ® (^("(.Sa-i(^^(A-i)H) ® ^(V^ = 

{^{sx-^{v(x-i))f{x))^ ®V(v) - (tX2o{V ® f)Yv®x). 

Half-braidi ng a xiom. We stiU have to check that [V,z_) satisfies the half- 
braiding axiom (12a). Let Xi be a H\^-moA\x\e and let X2 be a i?A2-module, with 
Ai, A2 G TT. We want 

CJfi®X2(w ®xi® X2) = ^(^(^"Xi'j ® j o (cjfi ® ^2)^ {v<^xi<^ X2). 

for any xi G Xi, 2:2 G X2, and u G We have 

Cv,Xl»xAv ® Xi X2) = («A-i((«((AiA2)-i)^(-^i))'^0)® 

'^2-^(("((A,A.)-))(A2))^2)) ^'^f^) 



and 



(^"Xi) ®cx2^ o(cxi ®^2)j (w«)xi«)a:2) = ("(sa-^ (Vr'))^i)) ® 

® ( (■^A-i(("(v))(A-i))2;2) j 



By the coassociativity of Ay these two expressions are equal. 

This concludes the proof that {V, c_) is an object in Za{Kep{H)Y 

MORPHISMS. Let {W,d_) be another object in ZQ(Rep(-ff)). Define A^y as for 
Ay above. Given f : V ^ W in z(Rep(iJ)), we prove that / gives rise to a 
morphism of YD^-modules. Let X be a i/A-module, with A G tt. Given v G 
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V and X e X we have (cw o (/ ® X)){v ® a;) = ^ (^sx-^{{f{v)){\-i))x^^ 
^^^"X^ ® ° Cy^ {v iSi x), where in the second passage we used ( |l8| ) 



The proof that Fi is a functor is now trivial. We still have to check that Fi and 
Fi are mutually inverse. 

Isomorphism. Let us prove that Fi o Fi = W^^j^ ^^^j . Let (V, c_) be an object 
in (Rep(i?)), with a G TT. We have Fi(V,c_) = (y,Ay), where, for any A G vr, 
Viv)'»vix) = (^("Ia)®^^ We set (1/, c.) = (Fi o Fi)(y, c.) = Fi{V,Av). Given 

any iJ;^-niodule X, with A G tt, for any v ^ V and a; G X we have ^(^"2;) ®w 

(8) W(A)a^ = ( ( "1a ) ^ w j a; = c^^ I ( "x) ® w ) , where the last passage follows 



by the comniutativity of the square in diagram (ES 

Let us prove that Fi o Fi = IdyD (_?/)• Given a G tt and a YD^-module X, we 
have Fi(V, A_) = (V, cy), where, for any representation X of H\ (with A G tt) and 

for any x X and v G V", we have cx{v®x) = ^" (sjsj-i If we set 



(F, Ay) = (Fi o Fi)(F, A.) = Fi(F,c), then we obtain Ax{v) = c^M "Ia ® u 



y(y) (Xi W(a)1a = i'(y) €5 i'(a) = Aa(w), where the second passage follows by ( |8.5| ) 



This concludes the proof of Lemma S.5. □ 



Proof of Theorem 8.1. By Lemma B.5, the categories Z^Rep(i?)^ and YD {H) are 

isomorphic via the functor Fi and the functor Fi. This isomorphism induces on 
YD {H) a structure of a strict T-category. 

Components. Let a be in tt. Since YDQ(iJ) = (Fi o Fi)(YDQ(i?)), the a-th 
component of YD {H) is YD„(iJ). 

Tensor category structure. Let (V, Ay) be a YDa-module and let [W, Aw) 
be a YD^-module. Suppose (F, c.) = Fi(V, Ay) and {W,^_) = Pi{W,Aw). We set 

{V,Av)(^{W,Aw) = Fi(Fi(V^,Ay)® Fi(VF,A^)) = Fi(F ® F', (c □ 9).). 
Since, for any v & V, (c^jj^)^"^ ^^"®''1a^ ® = W(y) ®"^;3-i (w(/3A/3-i))j we obtain 

W)^ ^("'^'^Ia) ®v®vj^ = Vf^v) ® ® W(^x)'Pp-^{v(pxp-i)), for any v e V and 
w G The part concerning the tensor unit of YD (H) is trivial. 

Conjugation. The T-category structure of YD (H) is completed by setting, for 

any /3 G tt, %) = (yB (H) Z(Rep(i7)) ^ Z(Rep(i/)) YD (i?)^ . In 

particular, given a E n and a YDa-module (V, Ay), if {V,c_) = Fi(V^,Ay), then. 



22 



MARCO ZUNINO 



for any A e TT and v € V, we get Affy^^i^f^v^ = ^ ^(^'^"'^ 1^^ ® (^^v^j 
'^(w(y) «) <Pp{v(p-ixi3))) = -"(/s-U/S)- By setting w = l^v, we get (|l9b| 



Braiding. The braiding in YD (H) is obtained by setting C(y_Av),{w,Aw) 
Fi(cFi(y,Av),Fi(iy,A«.)) = ^"'^ ^'^y (T^,Ay),(M/,AH') G YD(i?), where (V, c.) 



fi{V,Av). By definition (p|) of c., we get (19c) 



This concludes the proof of the theorem. □ 

9. The T-coalgebra D{H) and its representations 

We define a quasitriangular T-coalgebra D{H). This T-coalgebra is the mirror 
of the T-coalgebra D{H) defined in To do this, we need to introduce another 
T-coalgebra (the mirror of H**°*'''°'^ defined in [^). Then, we discuss the 
structure of a module over D{H). More in detail, we prove that a k- vector space 
F is a Z3(_ff )-module if and only if it is both a 77-module and a i/f -module and 
the actions of H and _ff * satisfy a compatibility condition. Finally, we prove that 
Z(Rep(i?)) and Rcp(l?(i?)) are isomorphic as braided T-categories. 
Definition of H'^ . The T-coalgebra i?* is defined as follows. 

• For any a £ tt, the component is equal to as a vector space, 
with the product of / G H* and g G Hg (with 7, (5 G tt) given by the linear 
map fg G H*g defined by {fg, x) = (/, x'^^-^) {g, x'^^^) for any x G H^p. The 
unit of Ha is the morphism e G C i/f . 

• The comultiplication is defined by setting, for any a,(3,j G tt and 
/ G H;, Al^if) = A^if) G H;^^_, ^H;, where (A^(/),a; ® y) = 
(f,yipfj-i{x)'), for any x G Hp^p-i. We introduce the notation 

/11./3 = A^(/). 

The counit : fff k is given by (e^, /} = (/, 1^), for any / G H*, with 

7 G TT. 

• For any a G tt, the component of the antipode of sends / G 

to slu) = (/,<p„-i(s-;„_,(_))) G 

• Finally, for any P G tt, we set = 

The T-coalgebra 'D{H). The T-coalgebra 'D{H) is defined as follows (see the 
detailed description of the mirror D{H) of D{H) in |ll)- 

• For any a G tt, the a-th component of D{H), denoted Da{H), is equal to 
Ha ® ©0gT , as a vector space. Given h G TJq and G 0^gjr ^,3' ''''^^ 
element in Da (H) corresponding to /i (g) F is denoted h® F. The product 
in Da{H) is given by 

(/i ®f){k®g) = h'l^^k ® f{g, 5-_\(/i-_,)).(p„-. ih[asa-^))) 

for any h,k G Ha, f G H*, and g G H'g, with 7, (5 G tt. has unit la ® £■ 
The algebra structure of Da{H) is uniquely defined by the condition 
that the inclusions Ha, Ha ^ Da{H) are algebra morphisms and that the 
relations 

(24a) {la®f){h®e)^h®f 
and 

(24b) ih®s) {la®f) = ® (/, v\(/i'(';-l))-^(/i'(„^„-l))), 

(for any h G i/a and / G H*, with 7 G tt) are satisfied. 
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• The comultipUcation is given by 

for any a, (3 € n, h G Haj3 and F £ . The counit is given by {s, h® f) = 
{e, h) (/, 1-y), for any h G Hi and / € i?*, with 7 G tt. 

• The antipode is given by Sa{h ® F) = {sa{h) ® s) (l^ s*(F)), for any 
a e-K, h e Ha, and F e H^ . 

• The conjugation is given by ^^(/i ® /) = f/sih) V'^-i (/) for any a, /3 G tt, 
/i e -ffa, and / G if*, with a, 7 G tt. 

• The universal ii-matrix R of D{H) is given by 

R<x,l3 = l(a).i®C{l3).i = la ® e'^ ''^ S/3-i (e^-i.i) ® £ 

for any a,/3 G tt, where (c/j.i) is a basis of H^ and (e^'*) the dual basis. 

The inverse of Raji is Ra^p = i(a).i ® C(rj).i = !« ® e'^'* ® e^j.^ ® e. 
The category Rep(if, H^,®). Given a G tt, a (if, H^ ,®)a-module is a k-vector 
space \^ endowed with both a structure of left module over H^ and a structure of 
left module over if* = Hf (via an action denoted >) satisfying the compatibility 
condition 

(25) h{f > v) = (/, ,s;_\ {h'(;.-,^)_^a~^ K,.-^)) > 

for any v €V, h & Ha, and / G H*, with 7 G tt. A morphism of {H, H^ , ®)a-mod- 
ules is a morphisms that is both a morphism of ffa-modules and a morphism of 
iif-modulcs. In that way, with the obvious composition, we obtain the category 
Rep„(if , if ^ , ®) of {H,H'^, ®)„-modules. The disjoint union Rep(if, if* , ®) of the 
categories Rep^(if, if ®) for all a G tt is a braided T-category as follows. 

• Rep„(if, if* , ®) is the a-th component of Rep(if, if* , ®). 

• Given a,/3 G tt, let U be an object in Rep^, (if, if *, ®) and let V be an 
object in Rep^(ff, if * , ®). The tensor product U ®V oi (if, if* , ®)-mod- 
ules is given hj the tensor product of U and V as both if„-modules and 
if *-modules, i.e., given u G U and v G V, the action of ft. G ifa/j and, re- 
spectively, / G if* (with 7 G tt) onu^v given by h{u ii) = ft(„)W <8) h'^i3)i> 
and / > (m ® w) = /1./3 M (g) fu.p > v. 

• The conjugation is obtained in the obvious way by the conjugation of 
Rep(if) and the conjugation of Rep(if *). 

• The braiding is obtained by setting, 

(26) cu,v- U(g)V ^ (^"v'j (g)V: w 1) "(s^-i (e^-i.^)?;) (gie^~^-'>u 

for any U G Rep„ (if, if* , ®) and V G Rep^(f/", ff* , ®), with a, /3 G tt. 

Theorem 9.1. Rep^(if, if *, ®) is isomorphic to Rep^f)(if)^ as a braided T-cat- 
egory. 

Proof. The simplest way to prove the theorem is to construct an isomorphism of cat- 
egories F3: Rep(Li(fr)) Repo, (if, if *, ®) such that F3 induces on 

the structure of braided T-category described above. 

Let F be a Dq, (if )-module, with a E n. Since both if^ and iff = if* can be 
identified with subalgebras of Da{H) via the canonical embeddings, V has both 
a natural structure of left ff^-module and a natural structure of left if * -module. 
Explicitly, for any v gV, h G Ha, and / G if * C fff , with 7 G tt, we set 

hv = {h® e)v and f >v = {la ® f)v. 
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Let US prove that the compatibihty condition ( |25| ) is satisfied. By the associa- 
tivity of the action of 'D{H) on V and by (|2|) we get h{f > v) ^ {h ® e){{la ® 

f)v) = (/i'('„)®(/,S^-i(/i'(';-l)))-<Pa-(/i'(„^„-l)))^^= (l^ 

(/I'^'^jw). We set F3(T^) equal to V endowed with the structure of {H, H'^ , ®)Q,-niod- 
ule described above. 

Given another (i? )-niodule V and a k-Hnear morphism f : V W, it is 
easy to prove that / is a morphism of Z3a(-ff)-inodules if and only if it is both a 
morphism of _ffc(-modules and a morphisms of i/f -modules. By setting F3(/) = /, 
we obviously obtained a functor. 

Let us prove that F3 is invertible. Given a (iJ, iJ^ , ®)Q-module W, we define 
an action of Da (H) on W via the tensor lift of the linear map Ha x Ha x W 
W: {h,F,v) — > F {hv), we have to prove that we obtained a £'ct(i/)-module. 
For any h,k £ Ha, f G H*, and g G Hg, with 7,(5 G tt, we have (1q ® e)v = 

et>{lav) — et>v — V and (h ® f) ({k ® g)v) — {h® f)(g>{kv)) — f> (^h(g>{kv))^ = 

f>{g,sj},{h'l^_,^)_^a-^{h[^g^_,^))>{h'l^^kv)^ f{g,sj},i^^^^^ 

(hl^kv) = (/i'('„)fc®/(5, v\('^('i-))-'^«-(ft'(„^„-i))))^^ = {{h®f) ik®g))v. 

To prove that F3 is invertible and to complete the proof of the theorem is now 
trivial. □ 



10. Z^Rep(iJ)j AND Rcj>(^D{H)j ARE ISOMORPHIC 

In this section we prove that Z(Rep(-ff)) and Kep(^D{H)j are isomorphic as 

braided T-categories. We start by defining a braided T-functor F2 : YD (H) 
Rep{H,H^,®). After that, we set G = F3 o F2 o Fi : Z(Rep(iJ)) ^ Rcp(D{H)) 
and we prove that G is invertible. 



Theorem 10.1. 2^(Rep(_ff)) and Rep(£'(iJ)) are isomorphic braided T-categ 



ones. 



The functor F2. To prove Theorem 10.1, we start by constructing the functor 
F2. For this, we need two preliminary lemmas. 

Lemma 10.2. Let (V, Ay) be a YDa-module (with a € tt). Given f G H*, with 
7 £ TT, for any v G V we set 

(27) />w = (/,t;(^))i;(y). 

With this action, V becomes a Hi -module and a (H, H^ ,®)a-module. 

Proof. Let us prove that the action i> is associative and unitary. 



Associativity. Given f £ H* and g £ Hg, with 7, (5 e tt, for any v e V, 
we have f>{g>v) = f > {g,V(^s))v{v) = {9, v (^s)) if ,{■"{¥)) {'r)){i'(v))(v) and {fg)> 
V = {fg,V(.^s))v(v) = (/> ('"(7))(7)) (5, (^'(7))(5))■^^(y)■ % the coassociativity of a 
YD-module, these two expressions coincide. 



Unit. By ( [I6b| ), for any v (iV we have £\>v = (e, = v, i.e., > is unitary. 
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Compatibility c ond ition (|25|). Given h e Ha and f e H*, with 7 G tt, for 
any v gV, hy using (16c)) we get 



(by the crossing property (16c)) 

= (/,v'^(/^'(';-i))(/^'(;)t')(,)¥'.-(/^'(.,„-i)))(/^'(;)t')(v) 

= (/,V\(/i'('^-.)).(p„-.(/i'(„,„-.)))>(/i'('„)Z;). 



□ 



Lemma 10.3. Tafce two YD - modul es {V, Ay) and (W, Ayy) and define the action 
of on both V and W via ( 10.2 ). A morphism of YD-modules f : V ^ W is 
also a morphism of {H, H'^ ,®)-modules. 

Proof. We only need to show that / preserves the action of TJf . Let v G V and 
g € H*, with 7 £ TT. Since / is a morphism of YD-modules, we have g > f{v) = 



Lemma 10.4. For any YD-module module (y,Ay), set F2(V,Av) = (V,^), with 
the action > of i/f on V defined as in ( p^ . For any morphism f of YD-mod- 
ules, set F2(/) = /. In that way, we obtain a braided T-functor F2 ; YD {H) 
Rep(J^,i^^®). 



Proof. By Lemma 10.2 and Lemma 10.3 , F2 is well defined. The proof that it is 
a functor (i.e., that preserves identities and composition), is trivial. We have to 
check that it is a tensor functor, that it commutes with the conjugation and that 
it is braided. 

Tensor PRODUCT. Given a,/? e tt, let {V, Ay) be a YD^-module and let 
{W,Sw) be a YD/3-module module. By the definition (19a) of the tensor product 
in YD (H), the action > of iJf ofV is given by /> (w €5 w) = (/, (v ® = 
{f,W(^)(pp-i{v(^p^p~i)) (g) Wi^w) = (/1./3 >v) ^ {fii.p > w), i.e., F2 preserves the 
tensor product. The fact that F2 preserves the tensor unit is trivial. 

Crossing. Let a and /3 be in tt and let (V, Ay) be a YDc-module. The action of 

on\f2{V,Av)) isgivenby/>«;= (/)> (^"«^) ) - U}{f>[^"w) 



w 





, for any / G H* with 7 G tt, and 



G v. By ( p^ , both ' {f2{V, Ay)) and F2('^(V^, Ay)) has the same structure of 



iJf -module and so of {H,H'^ , ®)-module. Since both ''(•) and F2 are the identity 
on the morphisms, we conclude that F2 commute with the conjugation and that it 
is a T-functor. 

Braiding. Let (Vi, AyJ be a YD^^ -module and let (V2, AyJ be a YD q,^ -module 
module. By (p6|), for any vi G Vi and V2 G V2 we have 

CF2(yi,Avi),F2(y2,Av2)("l ®«2) = (ea-i..,)«2) ® e^^'-Vwi 

= ® (e"^"-\(«l)(„-i))(«l)(yi) 
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By ( p6D we have 

CF2(yi,Av-J,F2(V2,Av2) ^ C(ViAvi)AV2.Av2) ^ F2(c(i/i^Avi),(V2,Av2))- 

□ 



Proof of Theorem 10.1 . To prove Theorem 10.1 , we need a prehminary lemma. 
Lemma 10.5. For any / G H*, with 7 G tt, we have f = (/, e(-y).il^)e''*''''*. 
Proof. By evaluating (/, e(^) il-y)e'-'^-* * against a generic h £ H-y we obtain 

□ 



Proo/ (0/ Theorem \lOl{ ). Let us set G = F3 o Fa o Fi : Z{Rep{H)) Rep{D{H)). 



Since both Fi and F2 as well as F3 are braided T-functors, G is a braided T-functor. 



To complete the proof of Theorem 10.1 , we only need to show that G is invertible. 
Given a D(7?)-module V, we set G{V) = {V,cv,_)- Of course, G{V) is an half- 
braiding and by setting G(/) = /, for any morphism / of YD-modules, we obtain 
a functor G: Rcp(£)(iJ)) Z(Rep(iJ)). Let us prove that G and G are mutually 
inverses. 

G o G = Id. Let {V, c_) be an object in 2^(Rep(iJ)) . Since cq^^v.c ).. = G(c(v,c )..) = 
G(0 = c., we get (GoG)(y,0 = (1^,cg(v)J = (^.c.). 

G o G = Id. Let y be a Da{H)-module, with a £ tt. Clearly, (G o G){V) and V 
have the same structure of k- vector spaces and the same structure of i?Q,-module 
(via the embedding Ha > Da{H)). To prove G o G(F) = V , we only need to check 
that the action > of iJf on V and the action > of Hf on (G o G)(F) (both obtained 
via the embedding ^ Da{H)) are the same. 

Let / be in H*, with 7 G tt. By observing that, for any w G V, Cy\ ^^"^ ~ 
l(a).iW®C(7).il7 = e^(7)-»i>i"X)e(^).ilT,, we ge t = {f,V(^))vv = {e(^),il^)e^'^^-^ = 



/, where the last passage follows by Lemma 10.5 



□ 

Corollary 10.6. Z(Rep(iJ)), YD (i/), Rep(iJ, iJ* , ®), and Rep(U(iJ)) are iso- 
morphic braided 1^ -categories. 

Proof. We have seen that both the functor Fi and the functor F3 are isomorphisms 



of braided T-categories. By Lemma 10.4, F2 is an braided T-functor and, by The 



orem 10.1, F2 is invertible with inverse F2 = Fi o G o F3. □ 



Let YDf(i7) be the category of finite- dimensional YD-modules, i.e., the cate- 
gory of YD-modules (F, cj such that d\m.^V G N, and let Repf (7?, 7?* , (§)) be the 
category of finite-dimensional (iJ, H^ , ®)-modules. 

Corollary 10.7. Z(Repf(i?)), YDf(iJ), Repf (iJ, , ®), and Kepi(D{H)) are 
isomorphic braided T-categories. 

Proof. The functor Fi sends the full subcategory Z(Repf(_ff)) of -E(Rep(i7)) to 
the full subcategory YDf(i/) of ^^(iJ). Similarly, the functor F2 sends YDf(iJ) to 
the full subcategory Repf (iJ, if^ , ®) of Repf (iJ, i?* , ®) and the functor F3 sends 
Repf (iJ, H^ , ®) to the full subcategory Repf (I)(iJ)) of Rcp(I)(i7)) . □ 
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Remark 10.8 (modular T-categories) . The categorical analog of the notion of mod- 
ular Hopf algebra is the notion of modular category A T-category T is 
modular when the component 71 is modular as a tensor category p8|. 

Let 7^ be a semisimple tensor category. It was proved by Miiger |0] that, under 
certain conditions on TZ, the center of TZ, is modular. We expect that it will be 
possible to generalize the result to the crossed case when tt is finite. On the contrary, 
when TT is not finite, since the quantum double of a semisimple T-coalgebra is not 
modular, the theory fails to be applicable to the crossed case. However, is some 
case, for instance when the isomorphism classes of the (for all a £ tt) are finite, 
2{TZ) should be modular, or at least, premodular in the sense of Bruguieres and, 
in that case, they should give rise to a modular category. 



11. Ribbon structures 

We conclude by discussing the relation between algebraic and categorical ribbon 
extensions. Let H be T-coalgebra (not necessarily of a finite- type). Firstly, we 
recall the definition of the ribbon T-coalgebra 'KT(H) (see ^^). Then, we prove 

that the categories Repf (RT(i7)) and A/'^(Repf (i?))^^ are isomorphic as balanced 

T-categories. To prove this statement we start by introducing an auxiliary ribbon 
T-category Rib(_ff). Then we prove that Repf(RT(i/)) and Rib (i?) are isomor- 
phic as ribbon T-categories while Rib (H) that A/'^(Repf (if))^^ are isomorphic as 
balanced T-categories. Finally, we prove that, if H' is a T-coalgebra of finite-type, 
then Repf arc isomorphic as ribbon T-categories. 

The T-coalgebra RT{H). The ribbon T-coalgebra KT{H) is defined as follow. 

• For any a £ tt, the a-th component of RT{H), denoted RTa{H), is the 
vector space whose elements are formal expressions h + kva, with h,k £ 
Ha. The sum is given by {h + kVa) + {h' + k'v^) = (/i + h') + [k + 
k')va, for any h,h',k,k' € H^- The multiplication is obtained by re- 
quiring = UqSc,-i (uq-i), i.e., by setting, for any h,h' ,k,k' £ Ha, 

{h + kVa) [h' + k'Va) — hh' + hk'Va + kipa{h')Va + kipa{k')UaSa-^{Ua-^) = 
{hh' + kipaik')UaSa-i{Ua-i)) + {hk' -\- kipa{k'))va- 

We identify Ha with the subset {h + Ova\h € Ha} of RTa{H). The 
algebra RTa{H) is unitary with unit 1q = la 4- Qva- Moreover, for any 
a, /3 G TT, we have Ra,i3 £Ha®HpC RTa{H) (g) RTp{H). 

• Thecomuhiplicationisgivenby AQ,/5(/i-fA:i;Q/3) = {h'i^a)^^[a)h<y-).iC,{a).]Vo^® 

{^(P) + 'f^('/3)C(/3).i<^a-i (l(a/3a-i).j)^'/3^, for any h,k £ Ha, and a,(3 £ tt. 

Further, the counit is given by (e, h+kva) = (e, h) + {e, k), for any h,k £ Hi. 

• The antipode is given by Sa{h + kva) = Sa{h) -t- (sq o ipa-^){k)va-i , for any 
h,k £ Ha and a £ tt. 

• Finally, the conjugation is given by tppih + kva) = ^Ppih) + ip[:i{k)vpap~^ ^ 
for any h,k £ Ha and a, (3 £ tt. 

The CATEGORY Rib {H). The ribbon T-category Rib {H), is defined as follows. 

• For any a £ tt, the objects of the component R\ha{H) of Rib (i?) are the 
couples {M,t), where M is a finite-dimensional representation of Ha and 
t: M ^ is a iJa-linear isomorphism such that, if we set 
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and t^'^ — (t^)^^, then we have 
(28a) ^" = u^Sq-i (uc,-i)m 

for any m ^ M (where is the a-th Drinfeld element). 

• Given two objects {Mi,ti), (M2,t2) G Riha{H), a morphism / : {Mi,ti) 
{M2,t2) is a i?a-hnear map /: Mi — > M2 such that ^2 ° / = ("/) 

• The composition of morphisms in I{iha{H) is obtained in the obvious way 
via the compositions of iJa-modules. 

• The tensor product of two objects {M,t), {M',t') e Rib (iJ), is given by 

(28b) (M, t) (g> {M', t') = (M M', t M t'), 

where we recall that 

(28c) t^t' ={( ) ® ] o CMM,.M ° CM,M' , 



where c is the standard braiding in Repf(if). 

• The tensor unit of Rib (i? ) is the couple (k, Idk), where k is a _ffi-module 
via the counit of H . 

• The action of the crossing on an object (Af , t) e Rib [H] is obtained by 

setting ^{M, t) — {^M, ^f^ for any /3 G tt, while the action of the crossing 

on morphisms in obtained by requiring that the forgetful functor Rib (H) 
Repf (iJ) : (M, i) ^ M is a T-functor. 

• The braiding is given by C(^M,t),{M' ,t') = cm.M' for any (M, t), (Af, i') 6 
Rib (H). 

• The twist is given by 9(^M.t) = t for any (Af, t) £ Rib {H). 

• The duality in Rib [H) is obtained as follows. Let (Af , t) be an object in 

Rib (if). The dual object of (Af, t) is given by the couple {nI* where 
Af * is the dual ff- module of Af (via unit the 6a/ and the counit (Im defined 
in (|lT])). Finally we set 6(M,t) = and d(M,t) = dn- 

Theorem 11.1. Rib (ff) is a ribbon T-category isomorphic to Repf (RT(ff )) . More- 
over, Rib (ff ) is isomorphic to J\f(^(liepf{H)^^^ as a balanced T-category. 

To prove Theorem we need three preliminary lemmas. 
Lemma 11.2. For any a G n we have 

(29) Sq-i(Mq-i) = C(a).iSa-i(C(Q-i).i)- 

Proof. By observing that SQ(C(a).i) «) C(/3).i = 'Pa{^{a-Ki)) ® C(/3-i).i (see we 
have ^(a-i).j ® C(q).j = {s^-i ° fa-^){^{a).i) ^ s-^{C(^a-^).i), SO we get = (s^ o 

¥'a-i)(C(a).i)C(Q-i).i = <^Q-i(C(a-i).i)('S^ ° '/'a-0(C(a).i) = C(a- 1 ).i Sq- l (C(a).i ) ■ % 

composing both sides by 5^,-1 we get (p9|). □ 
Lemma 11.3. For any a £ n and h £ Ha, we have 

(30) Sa-i{Ua-i)h = (s^^ O S^^i O ) (/l)s„-i (m„- i ) . 

Proof. Let fc be in H^-i- By (|7ff|), we have (sq os^-i o(^^-i)(fc) = Ua-iku~^i. By 
composing both sides by and observing that, by (7e), Sq-i(uq,-i) = s^^(uq,-i), 
we get s«-i(Ma-i)(sa-i o <Pa-^){k) = Sa^{k)sa-iiua-^)- For fc = ((pa o s^D{h), 
we get (|30|). □ 

Lemma 11.4. Let Af 6e a finite- dimensional representation of ff and let lom 
defined as in (|^). For any m £ M we have f^Af ^" = MqSq-i (wq)™. 
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The proof is a long but not difRcult computation and is omitted. 



Proof of Theorem 11.1. Rib [H) is obviously a well defined category. We start by 



proving that Rib [H) is isomorphic to Rep(RT(_ff)) as a category. Let M be a finite- 



dimensional representation of RT(iJ). Set 9m : AI ^ M : x '^^^{Ox). Since 6 
Sa-i{ua-i)ua (sec [|9|), the couple {M,9m) is a object in Rib {H). Conversely, let 
(A^, t) be an object in WihaiH), with a 6 tt. Define the action of RT„(7J) on via 

(3f) {h + kva)n = hn + kt-^{°'n) 

for any h,k G H and n G N. Let us check that the action defined in (|l]) is 
RTQ(iJ)-linear, i.e., that we provided of a structure of RTQ(i/)-modulc. For 
any hi, ki, /i2, k2 G H and n G N, we have ((/ii + kiVa) (/12 + k2Va))n = (/ii/i2 + 
kiVaik2)uaSa-i{ua-i))n+{hik2+kiipa{h2))t^^{°'n) and ihi+kiVa){ih2+k2)n) = 

hih2n + hik2t-^ {°'n) + fcit^i ("(/lan)) + ("(fcai^^ ("n))^ By observing that 
fcit-i("(/i2n)) = kit'\ip^{h2rn) = kiip^{h2)t-^{''n) 

and that 



-2 



kit' 



■'("(fc2i~'("n))) =fcit-i(^^„(fc2)"(t"i("n))^ =fci^„(fc2)(t-'o"t-i)("n) 

= kiipa{k2)t^^ (^^ nj = kiipa{k2)UaSa-i{Ua-i)n, 



we obtain 

{hi + kiVa){{h2 + k2)n) = 

{hih2 + kiipa{k2)UaSa-^{Ua-^))n + (/llfc2 + ki(pa{h2))t^^ {" n) , 

i.e., the action defined in is RTQ,(iJ)-linear. To complete the proof that Rib (H) 
and Rep(RT(i?)) are isomorphic categories is now trivial. 

Since Rib {H) and Rep(RT(iJ)) are isomorphic, the ribbon T-category structure 
of Rep(RT(iJ)) induces a ribbon T-category structure on Rib(i?). This is the 
structure described above. The only nontrivial point is to show that the tensor 
product induced in Rib (iJ) is the same given in (|2^). Let (A/i,ii) be an object 
in RibQ,(-ff) and let (M2,t2) be an objects in Rib/3(-ff), with a,/? e tt. To prove 
that 9mi®M2 — tiM t2, an easy but long computation shows that, for any mi £ 
Ml and m2 £ A/2, both 6'Mi0Af2(™i ® ™2) and (^i M t2){mi ® 7712) are equal to 

Let us prove that Rib ) and 7V( (Repf (i?))^ ) are isomorphic. If {M,9m) 



is an object in RibQ(_ff), with a G tt, then, by Lemma 11.4, for any m G M we 



have r2j\/(" m) = Ua9j^f{m), so that {M,9m) is an object in A/"! (Repf (iJ)) 



Conversely, if {M,t) is an object in 7V( (Repf (i/))^ ) , then, by Lemma |6T| , and 



Lemma 11.4 for any m G M we have i(" m) = Ua9j^^{m), i.e, (Af, i) is an object 



in Rib [H) . The rest follows easily. □ 



Since, by Theorem 11.1, A/'|^(Repf j is isomorphic to Repj (RT(_ff)), the 

balanced T-category A/'^(Repf(/f))^^ has also a natural structure of ribbon T-cat- 
egory. In particular, when H is the quantum double of a finite-type T-coalgebra 
H' , this structure of a ribbon T-category is the same induced by the isomorphism 
between Repf 

(RT(D(i7'))) and P(Repf (iJ')) , so that we obtain the following 

corollary. 
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Corollary 11.5. If H' is a finite-type T-algebra, then Repf ^RT(£'(ff')) j and 
2?(Repf (ff')) are isomorphic as ribbon T -categories. 
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